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Abstract
A new well model for one-phase flow in anisotropic porous media is introduced,
where the mass exchange between well and a porous medium is modeled by
spatially distributed source terms over a small neighborhood region. To this
end, we first present a compact derivation of the exact analytical solution for
an arbitrarily oriented, infinite well cylinder in an infinite porous medium with
anisotropic permeability tensor in R3, for constant well pressure and a given
injection rate, using a conformal map. The analytical solution motivates the
choice of a kernel function to distribute the sources. The presented model is
independent from the discretization method and the choice of computational
grids. In numerical experiments, the new well model is shown to be consistent
and robust with respect to rotation of the well axis, rotation of the permeability
tensor, and different anisotropy ratios. Finally, a comparison with a Peaceman-
type well model suggests that the new scheme leads to an increased accuracy
for injection (and production) rates for arbitrarily-oriented pressure-controlled
wells.
Keywords: well model, 1d-3d, mixed-dimension, anisotropic, analytic solution,
Peaceman
1. Introduction
Well modeling is essential for various engineering applications, as for exam-
ple reservoir simulation, geothermal energy production or energy storage, where
injection or extraction processes strongly influence the flow behavior. Usually
the well geometry is not explicitly resolved in the mesh but instead modeled as
a line source with given extraction or injection rate. However, this simplified
approach introduces singularities, meaning that the logarithmic solution profiles
are undefined at the center-line of the well. This leads to a significant deviation
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between numerical and analytical solution in the near-well region. For a bet-
ter approximation, locally refined meshes around the wells are needed, which
however deteriorate efficiency and is therefore often not suitable for field-scale
simulations, especially when multiple wells are present. Similar issues are en-
countered for the modeling of vascularized biological tissue perfusion [1, 2] or
the modeling of root water update [3, 4].
A common approach is the use of well-index-based well models. Such well
models aim to find a relation between well rate, bottom hole pressure and nu-
merically calculated pressure (well-block pressure) for each cell (grid-block) that
contains the well. In reservoir engineering such a relation is denoted as well
index. The first theoretical derivation of a well index for two-dimensional struc-
tured uniform grids with isotropic permeability has been presented by Peace-
man [5]. He has shown that the well-block pressure differs from the areal aver-
aged analytical pressure and introduced a new relation by using an equivalent
well radius. The equivalent well radius is defined as the distance (relative to
the well location) at which the analytical and numerical pressures are equal.
A generalization for structured two-dimensional non-square grids (∆x 6= ∆y)
and anisotropic but diagonal permeability tensors has been presented by the
same author in [6]. However, these well models are restricted to uniform grids
where the well is oriented with one of the grid axes. Furthermore, since the
effective well radius relates numerical and analytical pressure values, the well
index has to be calculated depending on the used discretization scheme. Thus,
Peaceman’s well model is only valid for a cell-centered finite difference scheme
with 5-point stencil. Discussion of other discretization schemes can be found
in [7], again with the restriction of two-dimensional grids. Enhancements in-
clude, among others, three-dimensional slanted wells [8, 9], Green’s functions
for the computation of well indices [10, 11, 12], or the singularity subtraction
method to obtain smooth solutions in the near-well region [13, 14].
In this work, a new approach for obtaining more accurate source term for
a given well bottom hole pressure is presented. The new model is, in contrast
to most of the existence methods, independent of the discretization scheme and
can be used for general unstructured grids. Additionally, the presented method
is not restricted to diagonal tensors and thus works for general anisotropic per-
meabilities. In Section 2, we derive a well model, initially for isotropic porous
media, for which the fluid mass injected by a well is distributed over a small
neighborhood around the well, using kernel functions. The derivation follows
the idea recently presented in [15], however we herein discuss the case without
membrane or casing. The model yields a pressure solution without singularity,
from which the source term can be reconstructed using a relation found with
the analytical solution for the case of an infinite well in an infinite medium. The
model generalizes to more complex problems due to the superposition principal
valid for the Laplace operator, a linear operator [15]. In Section 3, the model
is generalized to porous media with general anisotropic permeabilities, based
on an analytical solution constructed in Section 3.1 using a series of coordinate
transformations. We shown that the general model reduces to the model de-
rived in Section 2 for isotropic permeabilities. Finally, the new well model is
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analyzed with several numerical experiments in Section 5. The results indicate
that the model is consistent for different anisotropy ratios, robust with respect
to rotations of the well relative to the computational grid, and to rotations
of an anisotropic permeability tensor. A comparison with a Peaceman-type
well model in a setup with a K-orthogonal grid and an embedded slanted well
suggests that the new model more accurately approximates the fluid exchange
between well and rock matrix.
2. A well model with distributed source for isotropic media
First, we derive a well model with distributed source for porous media with
isotropic permeability tensor, not including a well casing. The derivation fol-
lows [15], where a casing is included in form of a membrane in a different but
related application, that is modeling fluid exchange between the vascular sys-
tem and the embedding biological tissue. Stationary single-phase flow around
a well with radius rω, in an isotropic porous medium with permeability k, can
be described by the following flow equation
−∇ ·
(
ρ
µ
k∇p
)
= qΦΛ in Ω, (2.1)
where p is the fluid pressure, ρ the fluid density and µ its dynamic viscosity.
Denoted by ΦΛ is a set of kernel functions ΦΛi that distribute q (kg s
−1 m−1)
over a small tubular support region, S(ΦΛi), with radius %(s), around a well
segment i, such that ΦΛi = 0 outside the support region. We choose kernel
functions ΦΛi(s) with the property
Li∫
0
2pi∫
0
%(s)∫
0
ΦΛir drdθds = Li, (2.2)
where r, θ, s are the radial, angular, and axial coordinate in a segment-local
cylinder coordinate system, and Li is the length of segment i.
Assume a radially symmetric zone (distance δ > rω from center-line) around
the well, with pδ denoting the pressure at distance δ from the well center-line,
and constant fluid density and viscosity. Then, the pressure for rω < r < δ is
described by the analytical solution
p(r) = − µ
kρ
q
2pi
ln r + C. (2.3)
The constant C is determined by fixing a well pressure, pω,
pω = p(rω) = − µ
kρ
q
2pi
ln rω + C ⇒ C = pω + µ
kρ
q
2pi
ln rω,
so that
p(r) = − µ
kρ
q
2pi
ln
(
r
rω
)
+ pω. (2.4)
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Figure 1: An infiltration scenario for an isotropic porous medium. Schematic representation
of the introduced symbols. An infinite well with radius rω , center-line Λ with local cylindrical
coordinate system (r, θ, s) is embedded in the porous domain Ω. The kernel function with
radius % regularizes the pressure solution which can then be evaluated at r = 0: p(r = 0) = p0.
Consequently, the source term can be expressed in terms of pω and pδ as
q = 2pirω
ρk
µ
(pω − pδ)
rω ln
(
δ
rω
) (2.5)
We choose a simple kernel function which regularizes the pressure solution for
r ≤ %,
Φconst(r) =
{
1
pi%2 r ≤ %,
0 r > %,
(2.6)
where % ≤ δ. The pressure for r < ρ can be obtained by integration from
Eq. (2.1), yielding
p(r) =
−
µ
kρ
q
2pi
[
r2
2%2 + ln
(
%
rω
)
− 12
]
+ pω r ≤ %,
− µkρ q2pi ln
(
r
rω
)
+ pω r > %.
(2.7)
Figure 1 graphically explains the most important symbols introduced in this
section. As the regularized pressure can be evaluated at the well center-line we
can reformulate Eq. (2.5),
q = 2pi
ρk
µ
(pω − p0)Ξ, with Ξ = (pω − pδ)
(pω − p0)
1
ln
(
δ
rω
) (2.8)
where Ξ is the so called flux scaling factor. The flux scaling factor can be also
expressed independent of the pressure. To this end, Eq. (2.7) is evaluated at
r = 0, so that pω is expressed in terms of p0,
p0 = −(pω − p0)Ξ
[
ln
(
%
rω
)
− 1
2
]
+ pω, (2.9)
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where q was replaced by inserting Eq. (2.8). It directly follows from Eq. (2.9)
that
Ξ =
[
ln
(
%
rω
)
− 1
2
]−1
. (2.10)
3. A well model with distributed source for anisotropic media
In the following section, the developed well model is extended for porous
media with anisotropic permeability. In Section 3.1, we derive an analytical
solution for one-phase flow around an infinitely long cylindrical well embedded
in an infinite porous domain in R3. This derivation motivates the choice of a
suitable kernel function for anisotropic problems, presented in Section 3.3.
3.1. Analytical solution for anisotropic permeability and slanted well
In the following section, we derive an analytical solution for one-phase flow
around an infinite cylindrical well Γ with radius rω in an infinite porous domain
Ωˆ = R3 \ Γ with anisotropic, homogeneous permeability. We assume, without
loss of generality, that the well axis passes through the origin of the Cartesian
coordinate system, and denote by ψ a unit vector parallel to the well signifying
the well orientation. We seek an analytical expression for the hydraulic pressure
p such that
−∇ ·
(
ρ
µ
K∇p
)
= 0 in Ωˆ, (3.1)
for a constant well pressure pω in Pa and some specific pumping rate q in
kg s−1 m−1 given on ∂Γ. The total mass flow over the boundary of a well
segment of length L is thus given by Q = qL.
From thermodynamic constraints, K is a positive definite and symmetric,
second-order tensor field. Hence, K can be decomposed such that
K = QDQT , (3.2)
where D = diag(λ1, λ2, λ3) is a diagonal matrix composed of the eigenvalues λi
of K, Q = [νK,1|νK,2|νK,3] is a rotation matrix with the corresponding eigen-
vectors as columns, and AT denotes the transpose of a matrix A. Further useful
properties derived from the decomposition are det(K) = λ1λ2λ3, where det(A)
denotes the determinant of A, and Kn = QΛnQT , where Dr = diag(λr1, λ
r
2, λ
r
3),
r ∈ R.
It is well known that the anisotropic one-phase flow problem can be trans-
formed to an isotropic problem using a coordinate transformation [9, 16, 17, 6,
18]
U : R3 → R3,x 7→ u = S˜x, (3.3)
with the stretching matrix S˜ = k
1/2
I K
−1/2, where kI is an arbitrary scalar
constant, that we choose as kI = det(K)
−1/3 (cf. [9]), rendering the transfor-
mation isochoric. The transformation u = S˜x deforms the well cylinder such
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that a cross-section orthogonal to the transformed well direction is elliptical.
The solution to the isotropic problem
−∇u ·
(
ρ
µ
kI∇up
)
= 0 in Ωˆu = U(Ωˆ), (3.4)
is identical on two parallel planes perpendicular to the transformed (normalized)
well direction, ψ′ = S˜ψ||S˜ψ||−1. This motivates the rotation of the coordinate
system such that the first and second axis are aligned with the major and minor
axis of the well-bore ellipse and third axis is aligned with ψ′. To determine the
corresponding rotation matrix R˜, we need to characterize this well-bore ellipse.
The well cylinder in x-coordinates is given by
xTΨx = r2ω, Ψ = I −ψψT . (3.5)
After stretching, the coordinate system can be rotated with the rotation matrix
R so that the third axis is aligned with the well direction. Then, projecting
into the plane perpendicular to the well direction yields the well-bore ellipse
equation
vˆTEvˆ = vˆTPTRS˜−1ΨS˜−1RTP vˆ = r2ω, S˜
−1RTP vˆ = x (3.6)
in vˆ-coordinates, where
R = 2
(e3 +ψ
′)(e3 +ψ′)T
(e3 +ψ
′)T (e3 +ψ′)
− I, e3 =
 00
1
 , P =
 1 00 1
0 0
 . (3.7)
The rotation matrix R can be derived using Rodrigues’ rotation formula as
shown in Appendix A. The length of the major and minor ellipse axis are found
as a = rwγ
−1/2
1 and b = rwγ
−1/2
2 , where γi are the eigenvalues of E, and the
axis orientations are given by ν1 = P νˆE,1, ν2 = P νˆE,2, where νˆE,i denote the
corresponding eigenvectors of E. We assume that the eigenvalues and eigenvec-
tors are sorted such that a ≥ b, and oriented such that ψ′ = ν1 × ν2. Finally
the desired rotation is given by
V : R3 → R3,u 7→ v = R˜u = RˆTRTu, (3.8)
where
Rˆ =
[
ν1
∣∣∣∣ν2∣∣∣∣ψ′] (3.9)
is rotating about the well direction axis such that the coordinate system is
aligned with the principal ellipse axes.
Following the derivations from above, we now have to solve a two-dimensional
isotropic Laplace problem with boundary conditions prescribed on an ellipse.
To this end, we note that the transformation of a harmonic function f (a func-
tion satisfying Laplace’s equation ∆f = ∇ ·∇f = 0) with a conformal (angle-
preserving) mapping yields another harmonic function [19] (see Appendix B).
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Using a Joukowsky transformation, a conformal mapping well-known from aero-
dynamics [20], the isotropic problem with a well with elliptic cross-sections, can
be transformed to an isotropic problem with circular cross-sections [16]. Trans-
forming into the complex plane (parametrizing the well-bore ellipse plane)
Z : R3 → C,v 7→ z = Z˜v = [1, i, 0]v = v1 + iv2, (3.10)
the (inverse) Joukowsky transformation
T : C→ C, z 7→ w = z +
√
z − f
√
z + f, f =
√
a2 − b2 (3.11)
transforms elliptic isobars into circular isobars, where a and b, a ≥ b, are the
major and minor axis of the well-bore ellipse, as derived above. In particular, the
well-bore ellipse (where p = pω) is mapped onto a circle with radius r◦ = a+ b.
Finally, in the new coordinate system we find the (now) radially symmetric
analytical solution to problem Eq. (3.1)
p(w) = pω − µ
ρkI
qˆ
2pi
ln
( |w|
r◦
)
ζ, qˆ = qζ = q
ab
r2ω
, (3.12)
where the source scaling factor ζ is necessary to recover the original source q
on ∂Γ. This can be derived from simple geometric considerations as shown
in Appendix C. The w corresponding to some x ∈ Ωˆ in original coordinates
is obtained by using all above-mentioned transformations after each other as
follows
w = T (Z(V (U(x)))) = T (Z˜R˜S˜x). (3.13)
Such a solution for a slanted well (30° with respect to vertical axis) and anisotropic
permeability tensor
KA =
 1 0 00 5 4
0 4 5
 1 · 10−10 m2 (3.14)
is visualized in Fig. 2.
3.2. Properties of the conformal mapping
To construct a suitable kernel function for anisotropic problems, we first have
a closer look at the properties of the employed Joukowsky transformation. The
effect of the mapping T , Eq. (3.11), is shown in Fig. 3. Points on the exterior
of a line on the real axis between f and −f are mapped onto the exterior of a
circle with radius f . The ellipse with major axis a and minor axis b is mapped
onto a circle with radius r◦ = a + b. Going further away from the well, the
deformation due to the mapping is less and less pronounced. This matches the
expectations for the physical flow problem, since isobars at large distance from
an elliptical well-bore become increasingly circular in isotropic media.
The inverse transformation is given by
T−1 : C→ C, w 7→ z = 1
2
(
w +
f2
w
)
, |w| > f, (3.15)
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Figure 2: The analytical pressure solution for a slanted well, rω = 0.1 m, with well pressure
pω = 5.0 · 105 Pa, total mass injection rate Qω = 115.47 kg s−1, and anisotropic permeability
tensor KA. The top view is oriented in well direction and shows pressure contour surfaces
highlighting their the elliptical shape.
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Figure 3: Visualization of the (inverse) Joukowsky transformation, T , exemplarily for a = 1.5,
b = 0.9, and thus f = 1.2. The points on the left are shown on the complex z-plane, the points
on the right are shown in the complex w-plane, and w = T (z). The inner circle on the right
image has radius f . The other circles have radii of r◦ = a+ b and 3r◦.
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where the restriction on |w| is necessary to obtain a one-to-one mapping. The
transformation T−1 can equally be interpreted as an R2 → R2 mapping. The
Jacobian of the transformation T−1 for z = x+ iy and w = u+ iv has the form
JT−1 =
[
∂x
∂u
∂x
∂u
∂y
∂v
∂y
∂v
]
=
[
η 
− η
]
, (3.16)
which follows from the the Cauchy–Riemann equations [21]. Since the trans-
formation can be viewed as the composition of a scaling and a rotation, it is
angle-preserving. The transformation is associated with a spatially dependent
volume deformation characterized by the determinant of JT−1 . Furthermore, it
can be shown that the Laplace operator behaves as follows under the transfor-
mation z = T−1(w),
∆wp =
∂2p
∂u2
+
∂2p
∂v2
=
∣∣∣∣∂T−1∂w
∣∣∣∣2 ∆zp = |det(JT−1)|∆zp (3.17)
by computing the derivative of the real and the imaginary part of p separately,
applying the chain rule and the Cauchy–Riemann equations, as shown for com-
pleteness in Appendix B. From Eq. (3.17) follows that
|det(JT−1)|−1 ∆wp = ∆zp, (3.18)
for the transformation w = T (z). The determinant can be explicitly computed,
using Eq. (3.17) and complex differentiation (shown in Appendix D) as
|det(JT−1)(w)| =
∣∣∣∣∂T−1∂w
∣∣∣∣2 = ∣∣∣∣∂z∂u
∣∣∣∣2 = 14
(
1 +
f4 − 2f2<(w2)
|w|4
)
:= Φ−1J ,
(3.19)
where <(w2) is real part of w2, and |w| the absolute value of w. We note that
ΦJ quickly converges to the value 4 with increasing |w|, that is with increasing
distance from the well. The function Φ−1J is plotted in Fig. 4 exemplarily for
f = 1.2.
3.3. A kernel function for anisotropic media
Instead of excluding the well domain Γ from Ω = R3 and modeling infiltra-
tion or extraction by a flux boundary condition, we will now model the action
of the well on the flow field by a spatially distributed source term, as presented
for the isotropic problem,
−∇ ·
(
ρ
µ
K∇p
)
= qζΦΛ in Ω. (3.20)
From the above derivations, we know that solving Eq. (3.20) in w-coordinates is
straight-forward. Hence, we choose kernel functions in w-coordinates and then
transform to x-coordinates so that the pressure solution satisfies Eq. (3.20).
Motivated by the properties of the Joukowsky transform (see Fig. 3), we choose
9
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Figure 4: The determinant of the Jacobian of the transformation z = T−1(w) for |w| > f
where f2 = a2− b2 and a > b. Larger volume deformations only occur very locally in vicinity
of the well radius r◦ = a+ b and quickly converge to 0.25 with larger distance to the well.
a local kernel that is constant on the annulus with inner radius f < %i ≤ r◦ and
outer radius %o > r◦,
ΦA(w) =
{
1
pi(%2o−%2i )
%i ≤ |w| ≤ %o,
0 elsewhere.
(3.21)
In w-coordinates, we can find a solution to the problem
−∆wp = qˆ µ
ρkI
ΦA in Ωw = T (Z(V (U(Ω)))), (3.22)
for a given constant well pressure pω, qˆ = qζ and constant density and viscosity.
By means of integration (cf. [15]), we get
p(w) =

pω − µKρ qˆ2pi
[
(|w|2−%2o)
2ξ2 − %
2
i
ξ2 ln
(
|w|
%o
)
+ ln
(
%o
rω
)]
%i ≤ |w| ≤ %o,
pω − µKρ qˆ2pi
[
− 12 − %
2
i
ξ2 ln
(
%i
%o
)
+ ln
(
%o
rω
)]
|w| < %i,
pω − µKρ qˆ2pi ln
(
|w|
rω
)
|w| > %o,
(3.23)
where ξ2 = %2o−%2i . This shows that outside the kernel support region (|w| > %o),
we obtain the exact analytical solution derived in Section 3.1. Moreover, the
source term can be reformulated, cf. [15],
qˆ = 2pi
ρkI
µ
(pω − p0)Ξ, Ξ =
[
ln
(
%o
rω
)
− 1
2
− %
2
i
ξ2
ln
(
%i
%o
)]−1
, (3.24)
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Figure 5: Visualization of the coordinate transformation v = V (U(x)) = R˜S˜x. The ellipse
Ev is orthogonal to the well direction ψ
′ which is equal to e3 = [0, 0, 1]T in v-coordinates.
where p0 := p(|w| = 0) = p(|w| = %i) is the fluid pressure evaluated on the
well center-line. Note that for f = 0 and %i = f = 0, the isotropic solution
with for a circular constant kernel (Eqs. (2.7) and (2.10)) is obtained. From the
transformation of the Laplace operator, Eq. (3.18), we see that the problem
−∆zp = qˆ µ
ρkI
ΦAΦJ in Ωz = Z(V (U(Ω))), (3.25)
with altered kernel function ΦΛ = ΦAΦJ is equivalent to Eq. (3.22).
The transformation T−1 changes shape of the kernel support S(ΦA) from
an annulus to an ellipse EΦ,v. Inverting Z extrudes the solution along the well
center-line, and inverting the rotation and stretch described by V and U results
in a kernel support region in the shape of an elliptic cylinder. Moreover, each
ellipse EΦ,v with normal vector e3 is transformed to an ellipse EΦ,x(s), that
is the intersection the elliptic cylinder with a plane with the normal vector
nEx = S˜R˜
Te3, centered at s on the well center-line. The transformation and
the normal vector nEx are visualized in Fig. 5. We note that if none of the
principal axes of the permeability tensor are aligned with the well direction,
nEx is not parallel to the well direction ψ in x-coordinates. The integral of the
right-hand side of Eq. (3.20) for a well segment Λi with length Li is equal to
the integral over the kernel support S(ΦΛ,i) which has the shape of the elliptic
cylinder given by
E :=
⋃
0≤s≤Li
EΦ,x(s). (3.26)
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Using qˆ = qζ, and exploiting that kI was chosen such that det(R˜S˜) = 1, it can
be shown that
∫
E
qˆΦΛ,idx =
∫
V (U(E))
qˆΦΛ,idv =
Lˆi∫
0
∫
EΦ,v(sˆ)
qˆΦΛdAˆdsˆ = qˆLˆi = qLi, (3.27)
where 0 ≤ sˆ ≤ Lˆi is a local coordinate along the transformed well direction,
and the last equality is proven in Appendix C. This is the desired property of
the kernel function for the anisotropic case corresponding to Eq. (2.2) for the
isotropic case.
4. Numerical method
We discretize Eq. (3.20) using a cell-centered finite volume method with
multi-point flux approximation (MPFA) [22]. The domain Ω is decomposed into
control volumes KΩ ∈ Ωh such that the computational mesh Ωh is a discrete
representation of Ω. Furthermore, each control volume boundary, ∂KΩ, can be
split into a finite number of faces σ ⊂ ∂KΩ, such that σ = KΩ ∩ LΩ, with LΩ
denoting a neighboring control volume. Integrating Eq. (3.20) over a control
volume KΩ and applying the Gauss divergence theorem on the left hand side
yields
−
∫
∂KΩ
[
ρ
µ
K∇p
]
· nKΩ,σ dA =
∫
KΩ
qˆΦΛ dx, (4.1)
where nKΩ,σ is the unit outward-pointing normal on face σ ⊂ ∂KΩ. The exact
fluxes are approximated by numerical fluxes
FKΩ,σ ≈ −
∫
σ
[
ρ
µ
K∇p
]
· nKΩ,σ, (4.2)
which are computed using the MPFA-O method described in [22]. The discrete
source term is computed as
QKΩ ≈
∫
KΩ
qˆΦΛ dx, QKΩ =
QI
|I|
∫
KΩ∩S(ΦΛ,I)
ΦΛ dx, (4.3)
where QI is a numerical approximation of the source term integral over the
intersection I = KΩ ∩ Λ,
QI = |I|2piρkI
µ
(pω − p0)Ξ, (4.4)
and S(ΦΛ,I) is the kernel support associated with I as depicted in Fig. 6. In
summary, the discrete form of Eq. (4.1) is∑
σ⊂∂KΩ
FKΩ,σ = QKΩ , KΩ ∈ Ωh. (4.5)
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Figure 6: Visualization of the discretization process. The domain Ω is represented by a set
of control volumes KΩ ∈ Ωh. The well center-line Λ with direction ψ intersects with a KΩ
shown in green. The gray parallelogram is a 2D-projection of the elliptic cylinder that is the
part of the kernel support S(ΦΛ) associated with KΩ ∩ Λ.
We note that due to the dependency of QI on p0 the proposed method is non-
local in the sense that non-neighbor cells MΩ ∈ Ωh (where MΩ∩KΩ is the empty
set or a single point) may have an associated degree of freedom that depends
on the degree of freedom of KΩ.
4.1. Kernel integration
The kernel integral in Eq. (4.3)
IΦ,KΩ :=
∫
KΩ∩S(ΦΛ,I)
ΦΛ dx, (4.6)
is not easily approximated with a quadrature rule, since the intersection KΩ ∩
S(ΦΛ,I), that is the intersection of an elliptic cylinder with for example a hex-
ahedron is difficult to compute. However, we use the same idea as in [15], and
remark that the integral over the entire support S(ΦΛ,I) is known exactly; see
Eq. (3.27). Hence, the integration problem can be reformulated as the distri-
bution of the known integral over all intersected control volumes KΩ weighted
with the respective support volume fractions. Following [15], we create nI inte-
gration points xi ∈ S(ΦΛ,I) with known volume elements Vi of similar size and
shape, so that
IΦ,KΩ ≈
nI∑
i=1,xi∈KΩ
ViΦΛ(xi),
nI∑
i=1
Vi ≈ |S(ΦΛ,I)|. (4.7)
Computing the weights for each cell KΩ is a pre-processing step that only has
to be done once for each computational mesh and well geometry.
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5. Numerical experiments and discussion
We present numerical experiments using the presented method in differ-
ent setups. All experiments are conducted with constant fluid density ρ =
1000 kg m−3 and viscosity µ = 1 · 10−3 Pa s. The well pressure is constant,
pω = 1 · 106 Pa, and the well radius is rω = 0.1 m if not specified otherwise. The
permeability tensor is given as
K(γ1, γ2) = R1(γ1)R2(γ2)KαR
T
2 (γ2)R
T
1 (γ1), Kα =
 1 0 00 1 0
0 0 α
 1 · 10−12 m2,
(5.1)
where
R1(γ1) =
 1 0 00 cos γ1 − sin γ1
0 sin γ1 cos γ1
 , R2(γ2) =
 cos γ2 0 sin γ20 1 0
− sin γ2 0 cos γ2
 (5.2)
are rotation matrices rotating vectors about e1, e2 by the rotation angle γ1, γ2,
respectively, and α is a given dimensionless K-anisotropy ratio α = K33K11 =
K33
K22
.
The domain Ω0 = [−100, 100]×[−100, 100]×[−50, 150] m3 is split in two regions,
Ω = [−100, 100]×[−100, 100]×[0, 100] m3 and ΩD = Ω0\Ω. The well center-line
Λ is given by the line through the origin and ψ = R1(β1)R2(β2)e3, where R1,
R2 are given in Eq. (5.2) and β1, β2, are rotation angles. The analytical solution
for all cases is given in Eq. (3.23), q = 1 kg s−1 m−1, and L = |Λ ∩ Ω| (in m).
For all setups the inner kernel radius is chosen as %i = f . In all of ΩD and
on the boundary ∂Ω the analytical solution is enforced by Dirichlet constraints,
modeling the infinite well. The computational mesh Ωh is a structured grid
composed of regular hexahedra KΩ. Furthermore, we define two error measures.
Ep =
1
pω
[
1
|Ωh|
∑
KΩ∈Ωh
|KΩ|
(
pe,xKΩ − pKΩ
)2] 12
(5.3)
is the relative discrete L2-norm of the pressure, where pe,xKΩ is the exact pres-
sure evaluated at the cell centroid xKΩ and pKΩ the discrete numerical cell
pressure, and
Eq =
1
q
 1|Λ ∩ Ωh| ∑
KΩ∈Ωh
KΩ∩Λ6=∅
|I|
(
q − QI|I|ζ
)2
1
2
(5.4)
is the relative discrete L2-norm of the source term, where |I| = |KΩ ∩ Λ| is the
length of the intersection of cell KΩ and the well center-line Λ, QI is the discrete
source term given in Eq. (4.4). All setups are implemented in DuMux [23], an
open-source porous media simulator based on Dune [24, 25].
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Figure 7: Grid convergence for the relative discrete L2-norm pressure Ep and source Eq for
different anisotropy ratios α. None of the principal axis of the permeability tensor is aligned
with the slanted well axis ψ or any of the grid axes.
hmax
α 17.32 m 8.66 m 4.33 m 2.17 m
1 2.0545 2.0724 1.9454 -
10 1.7715 2.0184 2.0763 -
50 1.5904 1.9747 2.0925 -
100 1.5970 1.9666 2.1218 -
Table 1: Convergence rates for Eq for different anisotropy ratios α.
5.1. Grid convergence for different anisotropy ratios
In the first numerical experiment grid convergence is investigated for different
anisotropy ratios α. To this end, hmax := maxKΩ∈Ωh hKΩ , where hKΩ is defined
as the maximum distance between two vertices of the cell KΩ. Starting at a
grid resolution for Ωh of 20× 20× 10 cells (hmax = 10
√
3 m), the grid is refined
uniformly. Figure 7 shows the errors Ep and Eq for different grid resolutions
and values of α, for β1 = β2 = 20
◦ and γ1 = γ2 = −20◦, so that K is a full
tensor and none of the principal axis of K is aligned with the well direction.
For all α, the method shows second order convergence for the pressure in the
given norm, as expected for the MPFA-O method [26] (super convergence at
cell centers). The source term q is a linear function of the pressure p and also
exhibits second order convergence. We note that the errors for different α are not
directly comparable since the analytical solution for p changes with α, although
q is constant. However, the convergence rates are shown to be independent of
α with increasing grid resolution. The convergence rates for Eq (slope of the
lines in Fig. 7) are presented in Table 1. It can be seen that rates for large grid
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Figure 8: The source error Eq for different kernel supports and the same 20× 20× 10 compu-
tational grid (hmax ≈ 17.32 m). On the left, the case where %o is only slightly larger than rω .
On the right, the case %o  rω .
cells and large α are slightly smaller. This is because the kernel support is still
under-resolved by the computational grid. For example, for α = 100, the kernel
ellipse in x-coordinates has major and minor axis of ax ≈ 55.9 m, bx ≈ 5.6 m,
respectively, while hmax ≈ 17.32 m for the lowest grid resolution.
5.2. Influence of the outer kernel radius %o
In [15], it is suggested that increasing the kernel support region (increasing
%o), has a similar effect on Eq as refining the grid. However, the pressure solution
is then regularized in a larger region, so that there is a trade-off between the
accuracy of the source term and the accuracy of the pressure field with respect
to the unmodified problem (%o → %i,ΦΛ → δΛ). However, every discrete cell
KΩ can be also interpreted as a kernel support region, such that the choice
of ΦΛ enables us to better control the discretization error as soon as S(ΦΛ, I)
becomes larger than KΩ.
As shown in [6] and Fig. 4, isobars become circular, in the transformed
domain U(Ω), with increasing distance to the well. Therefore, a reasonable
simplification is ΦJ ≈ 4 if %o  rω. This is completely analogous to the as-
sumption of circular isobars in [6], where an estimate of the error introduced by
the assumptions is given for the two-dimensional case.
In the following numerical experiment, we step-wise increase the kernel ra-
dius %o, for the same 20 × 20 × 10 grid. This is done once for the case, where
%o  rω and for the case for which %o is only slightly larger than rω. Further-
more, β1 = β2 = 20
◦ and γ1 = γ2 = −20◦. The results are shown in Fig. 8.
First, it can be seen that doubling %o leads to a 4-times smaller error Eq. This
can be explained by the fact that the larger the kernel, the more grid cells resolve
the kernel support, and the better is the approximation of p0. Furthermore, the
result is consistent with the results in [15]. Moreover, Fig. 8 suggests that for
%o  rω the simplification of the kernel function (ΦJ ≈ 4) is not visible in Eq,
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Figure 9: The source error Eq for rotations of the permeability tensor (left) and different well
orientations (right).
while for kernel radii slightly smaller than the well radius, the simplification in-
creases Eq by an order of magnitude in comparison to the case using the exact
kernel function as derived in Section 3.3. The results show that the presented
method is also applicable in cases where the grid resolution is very close to the
well radius. An adaption of the presented method for other applications, such
as the simulation of flow in vascularized tissue, where such ratios of vessel radius
to cell size are typical, cf. [15], is therefore well-conceivable.
5.3. Robustness with respect to rotation
In the following numerical experiment, we use a single computational mesh
with a given resolution for Ωh: 20×20×10. First, the well direction is fixed, and
the permeability tensor is rotated by varying γ1 and γ2. Then the permeability
tensor is fixed and the well is rotated by varying β1 and β2. The results are
shown in Fig. 9. It can be seen that the presented well model is rather robust
with respect to rotations. Possible effects influencing the approximation error
Eq, include the different quality of the kernel integral for different angles with
respect to the grid axes, and differences in the flux approximation quality of
the MPFA-O method depending on the face co-normal dKΩ,σ = KnKΩ,σ. Ad-
ditionally, for different well angles the number and size of intersections KΩ ∩ Λ
can have an influence on the discrete error.
5.4. Comparison with a Peaceman-type well model
In particular for petroleum engineering applications, commercial codes typ-
ically use Peaceman-type well models [27, 28]. In [6], Peaceman extended his
well known well-index-based well model for anisotropic diagonal permeability
tensors and non-cubic but structured rectangular grids. The discrete source
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term in a computational cell KΩ is approximated by
QKΩ = 2pi
ρ
µ
(pω − p0)LKΩ
√
K11K22
ln
(
r0
rω
) , (5.5)
r0 =
e−γ
2
[(
K22
K11
) 1
2
∆x2 +
(
K11
K22
) 1
2
∆y2
] 1
2
(
K11
K22
) 1
4
+
(
K22
K11
) 1
4
, (5.6)
where ∆x and ∆y are the horizontal dimensions of the cell containing the well,
LKΩ = |I| the length of the well segment contained in KΩ, and γ the Euler–
Mascheroni constant. The Peaceman model has several known limitations. Its
derivation only applies to K-orthogonal structured grids, where the well is ori-
ented along one of the grid axes, and perfectly horizontally centered within a
vertical column of computational cells KΩ. Furthermore, the derivation is spe-
cific to cell-centered finite difference schemes with 5-point stencil. Moreover,
computational cells may have to be significantly larger than the well radius
(depending on the degree of anisotropy) for optimal accuracy. The Peaceman
model has been generalized for slanted wells with arbitrary orientation, for ex-
ample in [8]. The Alvestad model [8] has been adapted for finite volumes, for
example in [9] (formula given in Appendix E, subsequently referred to as pm well
model). Such extensions usually constitute a reasonable directional weighting of
the original Peaceman model but are not directly derived from the mathematical
analysis of the underlying problem [9].
The herein presented model has none of the above-mentioned limitations.
In particular, the presented model is valid for arbitrary positive definite and
symmetric permeability tensors, unstructured grids, and is independent of the
discretization scheme. Moreover, the presented model is consistent and we show
grid convergence in the numerical experiments in Section 5.1. However admit-
tedly, the Peaceman-type models are cell-local, thus computationally cheaper
and easier to implement.
Several limitations of the Peaceman well models make it difficult to fairly
compare it with our new model. For cases for which all assumptions of Peaceman
are valid, our numerical studies (not shown here) suggest that the Peaceman
well model is generally superior to the presented model with distributed sources.
This is because it takes the analytical solution as well as the spatial discretiza-
tion method into account. For cases where some assumptions are violated, for
example off-center wells or slanted wells, it is difficult to construct cases where
the analytical solution is readily constructed but does not feature a singularity
on the boundary. Our preliminary numerical studies for such cases (for example
the slanted well case in Section 5.1 without rotation of the permeability tensor)
show large deviations (> 10 % error in total source term) from the analytical
solution for the pm well model. However, these errors may be distorted by errors
made in the discrete approximation of the singular boundary condition, where
the well intersects the boundary. Finally, for the general case of unstructured
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Figure 10: The computational domain for the comparison with a Peaceman-type well model.
The well is visualized with a 10-fold increased radius. A selection of pressure iso-surfaces of
the reference solution are shown with reduced opacity. The domain extent is given in units of
m.
grids, simplex grids, and full permeability tenors it is unclear how to apply
the original Peaceman model. However, we know that the presented method is
consistent (at least for a single straight well), and thus, the numerical solution
converges to the exact solution with grid refinement. Therefore, we expect that
the numerical solution on a very fine grid using the distributed source model is
a reasonable reference solution.
We compare our model to the pm well model in a numerical experiment.
The computational domain Ω = [−50, 50] × [−100, 100] × [0, 100] m3 contains
a slanted straight well Λ with end points at xΛ,1 = [−20,−50, 25]T m, xΛ,2 =
[20, 50, 75]T m. The permeability tensor is a diagonal tensor K(γ1, γ2), with
γ1 = 0
◦, γ2 = 90◦, α = 0.1. The structured cube grid Ωh is successively, uni-
formly refined starting with 10×20×10 cells (hmax ≈ 17.32 m). The well radius
is rω = 0.1 m (∆x/rω = 200 for the coarsest grid). The kernel support region
(chosen as %o/rω = 100) only extends over few cells in the coarsest grid, so
that the regularization effect is minimized. On the boundary ∂Ω, we specify
Neumann no-flow boundary conditions, that is (K∇p) · n = 0, except for the
planes perpendicular to the x1-axis, where the Dirichlet boundary condition
pD(x2 = −100) = 1 · 105 Pa, pD(x2 = 100) = 3 · 105 Pa are enforced. The ref-
erence solution is computed with 160 × 320 × 160 cells (hmax ≈ 1.08 m). The
computational domain with pressure iso-surfaces of the reference solution are
shown in Fig. 10. In Fig. 11, the relative integral source error
EQ =
|Q−Qref|
|Qref| , Q =
∑
KΩ∈Ωh
QKΩ , (5.7)
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Figure 11: Comparison of the relative integral source error between a Peaceman-type model
(pm) and the new model (ds) for various grid refinements. The error is computed with respect
to a reference solution Qref. Both axes are logarithmic.
with respect to the reference solution Qref is shown for grids with different re-
finement. In a variant of the distributed source model (ds), the extent of the
kernel support is adapted to the grid size. This is to keep the regularization
effect of the kernel function minimal in order to get, in addition to a good ap-
proximation of the source term, a better approximation of the pressure solution
close to the well. For %o/rω = 100, the extent of the kernel ellipse EΦ,x is given
by its major and minor axes, 16.12 m and 12.54 m. For the reference solution
this extent is kept constant with grid refinement. While this ensures a very good
approximation of the source term, the pressure solution is regularized in a larger
neighborhood of the well. In the variant, the kernel support is adapted propor-
tional to hmax, so that for the finest grid shown in Fig. 11 (80× 160× 80 cells,
hmax ≈ 2.17 m), the EΦ,x major and minor axes measure 2.01 m and 1.57 m. It
is evident that the numerical solution for the distributed source model converges
to the reference solution. More importantly, the relative error is small (< 0.5 %)
even for the coarsest grid. In comparison, the difference to the Peaceman-type
model is large (> 5 %). In particular, the error grows with grid refinement (to
> 8 %), signifying that the generalization of Peaceman’s model for arbitrarily-
oriented wells is not consistent. The result is comparable with the observations
in [9, Table 2], where Alvestad’s well indices are compared to a new numerically
computed well index, and it is shown that the difference between those two well
indices grow, the higher the rω/∆x ratio. In the variant of the ds model, the
error in the source term with respect to the reference solution also grows with
larger rω/∆x ratio. However, the error is consistently smaller (by a factor > 3)
than for the pm well model. Figure 12 shows the numerical pressure solutions
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Figure 12: Numerical pressure solutions plotted along the x1 and the x2-axis for a Peaceman-
type model (pm) and the new model (ds) for a grid resolution of 160× 320× 160 cells.
along the x1 and the x2-axis, for the reference grid resolution. It can be clearly
seen that for the reference solution (ds) the pressure solution is regularized. For
the variant of ds, the regularization is minimized, however in the far field the
solution matches the reference solution better than the pm well model, which
is due to the better approximation of the source term (see Fig. 11). We also
note that the regularized solution leads to an altered solution in the near-field
of the well but to a better approximation of the source term and thus the far
field pressure (outside the kernel support), whereas the poor approximation of
the source term in the pm method leads to a globally poor pressure solution.
6. Summary
A new well model was presented for which the mass exchange between a well
and an embedding porous medium is modeled with a source term spatially dis-
tributed by a local kernel function. In the spirit of well-index-based well models
the source term for a well with given bottom hole pressure is computed based
on the numerical pressure in cells intersecting the well. However, the presented
derivation of the new model is independent of the discretization method and
the type of computational grid. The new model was shown to be consistent in a
numerical experiment and exhibited grid convergence with the expected rates.
In the same experiment it is shown that the absolute error with respect to an
analytical solution is relatively small, even for coarse computational grids and
small kernel support. It was shown, that the error in the source term can be
decreased by increasing the region over which the source term is distributed.
However, coincidentally, the pressure profile close to the well (inside the kernel
support) becomes increasingly regularized. A comparison with a Peaceman-
type well model generalized for arbitrarily oriented wells, suggested that even
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if the region is chosen to be very small (only covering the neighboring cells of
cells with well intersection), thus minimizing the regularization effect, the source
term can be approximated with good accuracy (< 2 % error with respect to a
reference solution), whereas the Peaceman-type well model for the same case
showed larger differences (> 8 %) which also had a negative global effect on the
pressure solution. The example showed that the new model gives the choice
between a more accurate representation of the near-well pressure and a more
accurate representation of the source term. Additionally, it was shown that if
the source term is accurately approximated, the far-field pressure (outside kernel
support) is equally well-approximated while the regularization of the pressure
profile only happens locally in the well neighborhood. On the other hand, a bad
approximation of the source term leads to global errors in the pressure profile.
Finally, the new model was shown to be robust with respect to well rotation, as
well as robust with respect to rotations of the anisotropic permeability tensor.
In this work, the well model derivation is restricted to one-phase flow and
possible modifications for multi-phase flow are yet to be explored. An extension
of the well model for wells with casing is easily conceivable, combining the
findings in this work with the derivations presented in [15]. Moreover, the herein
presented cases considered the case of a given constant bottom hole pressure.
However, the results of [15] indicate, that the presented model may be extended
for the coupled 1d-3d case where the well pressure solves an additional one-
dimensional partial differential equation in the well domain. Finally, using the
superposition principle as shown in [15], which equally applies for the case of
anisotropic permeabilities, the presented well model is also expected to provide
good approximations when multiple wells are present in the domain.
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Appendix A Rodrigues’ rotation formula
We want to rotate a given basis B = {e1, e2, e3} such that e3 is aligned with
a vector ψ. The Rodrigues’ rotation formula [29] describes a rotated vector xrot
obtained by rotating a vector x by the angle θ about an axis given by the unit
normal vector k
xrot = x cos θ + (k × x) sin θ + k(k · x)(1− cos θ). (A.1)
The desired rotation can be described by a rotation by an angle θ = pi about
the axis k = (e3+ψ)2|e3+ψ| ,
xrot,pi = 2k(k · x)− x. (A.2)
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Equation (A.2) can be expressed in matrix notation as xrot,pi = Rx with
R =
(
2kkT − I
)
, R = RT = R−1, det(R) = 1. (A.3)
Appendix B Transformation of Laplace operator
The Joukowsky transformation is a complex function z = T−1(w) that can
be decomposed in its real and imaginary parts, x = <(z) and y = =(z). Fur-
thermore, let u = <(w) and v = =(w). As a conformal mapping, z satisfies the
Cauchy Riemann equations [19]
∂x
∂u
=
∂y
∂v
and
∂x
∂v
= −∂y
∂u
. (B.1)
The Jacobian of the transformation JT−1 is given by Eq. (3.16). We investigation
the effect of the transformation on the Laplace operator
∆wp =
∂2p
∂u2
+
∂2p
∂v2
, (B.2)
where p is analytic in Ωw. Applying the chain rule yields
∂p
∂u
=
∂p
∂x
∂x
∂u
+
∂p
∂y
∂y
∂u
, (B.3)
∂2p
∂u2
=
∂p
∂x
∂2x
∂u2
+
∂p
∂y
∂2y
∂u2
+
∂
∂x
(
∂p
∂u
)
∂x
∂u
+
∂
∂y
(
∂p
∂u
)
∂y
∂u
(B.4)
=
∂p
∂x
∂2x
∂u2
+
∂p
∂y
∂2y
∂u2
+
∂2p
∂x2
(
∂x
∂u
)2
+ 2
∂2p
∂x∂y
∂x
∂u
∂y
∂u
+
∂2p
∂y2
(
∂y
∂u
)2
.
Analogously, we arrive at a similar expression for ∂2p/∂v2. Using Eq. (B.1) and
∂2y
∂v2
=
∂
∂v
(
∂y
∂v
)
(B.1)
=
∂
∂v
(
∂x
∂u
)
=
∂
∂u
(
∂x
∂v
)
(B.1)
= −∂y
2
∂u2
,
∂2x
∂v2
= −∂
2x
∂u2
, (B.5)
we find that
∂2p
∂u2
+
∂2p
∂v2
=
[(
∂x
∂u
)2
+
(
∂y
∂u
)2] [
∂2p
∂x2
+
∂2p
∂y2
]
. (B.6)
With the complex derivative of T−1 [21],
∂T−1
∂w
=
∂T−1
∂u
=
∂x
∂u
+ i
∂y
∂u
and
∣∣∣∣∂T−1∂w
∣∣∣∣ =
√(
∂x
∂u
)2
+
(
∂y
∂u
)2
. (B.7)
From the determinant of the Jacobian of the transformation, we find
det(JT−1) =
∂x
∂u
∂y
∂v
− ∂x
∂u
∂y
∂v
=
(
∂x
∂u
)2
+
(
∂y
∂u
)2
=
∣∣∣∣∂T−1∂w
∣∣∣∣2 , (B.8)
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using Eq. (B.1). Hence,
∆wp =
∣∣∣∣∂T−1∂w
∣∣∣∣2 ∆zp = |det(JT−1)|∆zp, (B.9)
which also proofs that any harmonic function (∆f = 0) yields another harmonic
function after a coordinate transformation with a conformal mapping. 
Appendix C Source scaling factor in w-coordinates
We want to construct a pressure solution in w-coordinates such that the total
mass flux over the well boundary matches the specified boundary condition in
x-coordinates. Hence, the total mass flux over the boundary of a well segment
with length Lˆ in w-coordinates needs to match the total mass flux over the
boundary of a well segment with length L in x-coordinates. A qˆ has to be
chosen such that qL = qˆLˆ. A relation between L and Lˆ can be derived by
looking at two related volume integrals. The Joukowsky transformation only
affects the two-dimensional well-bore plane such that length Lˆ of a well segment
is not affected. The volume of that well segment in v-coordinates (an elliptic
cylinder) is given by
Vv = piabLˆ. (C.1)
The volume of the same well segment in x-coordinates (a circular cylinder with
slanted parallel planar elliptic caps) is given by
Vx = |ψT S˜R˜Te3||Eω,x|L = pir2ωL, (C.2)
where |Eω,x| is the area of the well-bore ellipse described by Eq. (3.6) trans-
formed to x-coordinates (as shown in Fig. 5) and the last equality uses the
fact that the integral can be transformed to an integral over a regular cylinder
with radius rω and length L. From the transformation theorem, we know that
Vx = Vv det(S˜). As the parameter kI is chosen such that det(S˜) = 1,
Lˆ = L
r2ω
ab
, (C.3)
and if the source term is chosen as
qˆ = q
ab
r2ω
:= qζ, (C.4)
then qL = qˆLˆ. 
Appendix D Determinant of the Joukowsky transformation
In Appendix B, we show that |det(JT−1)| =
∣∣ ∂z
∂w
∣∣2. Using complex differen-
tiation,
∂z
∂w
=
∂z
∂u
=
∂
∂u
[
1
2
(
w +
f2
w
)]
=
1
2
(
1− f
2
w2
)
=
1
2
(
1− f
2w2
|w|4
)
, (D.1)
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where we used the identities w−1 = w|w|−2, w denoting the complex conjugate
of w, and w2 = w2. Furthermore,
<
(
∂z
∂w
)2
=
1
4
(
1− 2f
2<(w2)
|w|4 +
f4<(w2)2
|w|8
)
, (D.2)
=
(
∂z
∂w
)2
=
1
4
(
f4=(w2)2
|w|8
)
, <(w2)2 + =(w2)2 = |w|4, (D.3)
such that∣∣∣∣ ∂z∂w
∣∣∣∣2 = <( ∂z∂w
)2
+ =
(
∂z
∂w
)2
=
1
4
(
1 +
f4 − 2f2<(w2)
|w|4
)
. (D.4)

Appendix E Extension of Peaceman well model for slanted wells
For a given well direction ψ = [ψ1, ψ2, ψ3]
T and a cell KΩ with dimensions
∆x×∆y×∆z, to obtain the generalized well model due to [8], reformulated for
cell-centered finite volume schemes in [9], replace k =
√
K11K22 in Eq. (5.5) by
k = (ψ21K22K33 + ψ
2
2K11K33 + ψ
2
3K11K22)
1
2 (E.1)
and the expression for r0 by
r0 =
e−γ
2
(
∆L21 + ∆L
2
2
) 1
2(√
A1 +
√
A2
) , with (E.2)
∆L21 =
(
K22
K33
) 1
2
∆z2ψ21 +
(
K33
K11
) 1
2
∆x2ψ22 +
(
K11
K22
) 1
2
∆y2ψ23 , (E.3)
∆L22 =
(
K33
K22
) 1
2
∆y2ψ21 +
(
K11
K33
) 1
2
∆z2ψ22 +
(
K22
K11
) 1
2
∆x2ψ23 , (E.4)
A1 =
(
K22
K33
) 1
2
ψ21 +
(
K33
K11
) 1
2
ψ22 +
(
K11
K22
) 1
2
ψ23 , (E.5)
A2 =
(
K33
K22
) 1
2
ψ21 +
(
K11
K33
) 1
2
ψ22 +
(
K22
K11
) 1
2
ψ23 . (E.6)
We note that the formula reduces to Eq. (5.5), if ψ is aligned with a coordinate
axis.
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